In this paper, a polynomial stress function is utilized to satisfy both the governing differential equation for an anisotropic plane stress problem and the corresponding boundary conditions for plastic deformation. A theoretical solution for the thermal elastic-plastic problem of composite structure is obtained by means of the Tsai-H ill strength theory of anisotropic material. The composite structure is composed of a steel bre-reinforced aluminium metal-matrix with a linear hardening material property. On the other hand, an elastic-plastic nite element analysis for the same problem is also carried out by using ABAQU S. The theoretical solution is in good agreement with the results from the nite element analysis. F inally, some examples are given and the corresponding results are discussed.
NOTATION a ij
components of composite compliance matrix f potential function K hardening constant T 0 maximum value of temperature change DT temperature change (absolute temperature minus reference temperature) u and v x direction and y direction displacements in the x y plane of structure V f volume percentages of the bres X , Y and Z yield strengths in the three main directions (1, 2 and 3) of the bre-reinforced material a 1 and a 2 thermal expansion coef cients of the material' s main directions (1-2) e ij strains in the x y plane of structure e e ij elastic strains in the x y plane of structure e p ij plastic strains in the x y plane of structure e p equivalent plastic strain y angle between the bre reinforced direction and geometry axis x s ij stresses in the x y plane of structure …s x † r residual stress component in the x axis s 0 yield stress in the rst principal direction of the reinforced material
INTRODUCTION
Because thermoplastic composites possess many unique characteristics, such as they may be re-melted, reprocessed and reformed, they are easily repaired and remelted for repairing the local cracks and delamination. Experimental investigations on the forming of thermoplastic composites can be found in references [1] to [6] . R esidual stresses in thermoplastic composites are particularly interesting because they may lead to structural premature failure. Prediction and measurement of residual stresses are, therefore, important in relation to production, design and application of thermoplastic composite structure, so many researches have been done in references [7] to [10] . Sayman and Bektas¸ [11] carried out an elastic-plastic stress analysis on different angle-ply thermoplastic laminated plates with a simply supported boundary, which were subjected to average temperature change through the thickness of the structure. They found that the magnitudes of residual stress increase gradually depending on the temperature increment. Sayman [12] presented an elastic-plastic thermal stress analysis on steel bre-reinforced aluminium metal-matrix composite beams. In their paper, temperature is considered as a linear variation, which is from zero at the upper surface of the beam to T 0 at the lower surface. The distribution of residual stresses and deformations in the beam is obtained. F or composite structures under general thermal loading, relative temperature change can be positive or negative. It is therefore important to research the thermal elastic-plastic problem of the composite beam subjected to thermal loading, in which temperature changes from a negative value to a positive one along the height of the beam.
The paper presents a polynomial stress function to solve the governing differential equation with the corresponding boundary conditions for the anisotropic plane stress case. A theoretical solution for the thermal elastic-plastic problem of composite structure is obtained by means of the Tsai-H ill strength theory of anisotropic material. The composite structure is composed of a steel bre-reinforced aluminium metalmatrix with a linear hardening material property and different stacking angles. Some practical examples for steel bre-reinforced aluminium metal-matrix structures that have a linear strain-hardening property are given. It is found that thermal residual stresses in a thermoplastic composite are not only dependent on the thermal loading forms but also on the volume percentage of the bres. F inally, other valuable results are discussed.
In order to further validate the method and computing process of the theoretical solution, an elastic-plastic nite element solution for the same problem is also carried out by using the nite element software ABAQU S. Comparing the results from the theoretical and nite element analyses, it is found that the two kinds of results are very close.
ELASTIC SOLUTION
A steel bre-reinforced aluminium metal-matrix beam with a linear hardening material property is shown in F ig. 1. The two ends of the beam are considered as a xed boundary condition. Temperature variation in the beam is linear and from ¡ T 0 to T 0 along the height of the beam. The equilibrium differential equation for the composite beam is given by [13] 
where T 0 is the temperature change on the lower surfaces of the anisotropic beam. F or the composite beam with two ends xed and under therma l loading, substituting equation (9) into equation (8) gives
Substituting yˆ¡ c into equation (10) gives
Substituting yˆc into equation (10) gives
Solving equations (11) and (12) , the unknown constants s and e are, respectively, determined as
Thus, from equations (7), the axis stress s x in the elastic region is
According to the relation of stress-strain, substituting equations (7) into equation (2) , the strain components in the x y plane of the beam are written as
The relationships between the strain and displacement 
D ifferentials of equations (18) and (20) yield
Substituting equations (21) and (15) into equation (16c) gives
gives equation (22) as
Integrating equations (23) gives
…25 †
Substituting equations (25) into equations (18) and (20) gives
U tilizing the xed end conditions (5b) of composite beams, the integration constants C 3 , C 4 and K 1 in equations (26) and (27) are expressed as
Equations (26) and (27) 
ELASTIC-PLASTIC SOLUTIONS
Because the yield strengths of the thermoplastic composite beams under tension and compression loads are identical, the Tsai-H ill strength theory of composite structure is used as a yield criterion in this solution. X , Y , Z represent, respectively, the yield strengths in the three different main directions of the bre-reinforced material; Y is assumed to be equal to Z . S is the shear yield strength in the 1-2 plane. The yield condition according to this criterion can be written as
In the plastic region of the beam, the equations of equilibrium are written as
F or the composite beam with xed ends and only under thermal load DT …y †, t x y and s y can be neglected in comparison with s x , and so equation (32b) is satis ed automatically. F rom equation (32a), s x is expressed as a function of y.
F or a linear strain-hardened material, the yield stress is given by the Ludwik equation 
…41 †
In the above formulae, let e pˆ0 and the strain components at the interface between the elastic region and plastic region be equal. The integration constants C 5 , C 6 and C 7 in equations (41) are given by 
.
†
To nd out the residual stresses, it is necessary to superimpose the elastic-plastic stresses in equation (53) into the elastic stresses solution in equation (14), subjected to the same external forces. The resultants of the stresses at the xed ends for the elastic region and the plastic region are, respectively, F 1 and F 2 or ¡ F 1 and ¡ F 2 . The resultant force and bending moment about the middle layer of composite beam are FF
and a bending moment MˆM 1 ‡ M 2 , as shown in F ig. 2. The bending moment is represented as
The elastic stress component s x in the composite beam subjected to moment M is given by
where Iˆ2tc 3 =3 is the inertia moment of the beam and t is the thickness of the beam.
EXAMPLES AND DISCUSSIO N
As an example, a steel bre-reinforced aluminum metalmatrix composite is considered. Two sets of mechanical properties corresponding to the volume percentage of the bres are shown in Table 1 .
The geometric parameters of the composite beam are, respectively, taken as Lˆ100 mm, tˆ6 mm, 2cˆ12 mm. F ibre-reinforced orientation angles are taken as 08, 308, 458, 608 and 908 respectively. In this section, in order to further validate the present theoretical method, an elastic-plastic nite element solution for the same example is also obtained by using the nite element analysis software ABAQU S. The corresponding nite element mesh is shown in F ig. 3. The geometric dimensions and material properties are the same as those in the analytical solution. The nite element mesh consists of three-dimensional solid laminar elements of eight nodes. F or accuracy, 7200 elements are used in the calculating model.
The theoretical solution and the nite element solution of composite beams with two ends xed and subjected to thermal load DT are shown, respectively, in Table 2 . T 0 represents the value of the maximum temperature change that causes initial plastic yielding of the beam. F rom Table 2 , it can be seen that the two results obtained by using the theoretical method and Fig. 3 The elastic-plastic nite element model of the composite beam with two xed ends, subjected to thermal load V fˆ2 0 per cent nite element analysis are consistent. The maximum difference between the two results is less than 2 per cent. It is seen in Table 2 that the value of temperature change T 0 for the initial yielding is not identical for different stacking angles y. The temperature change for the initial yielding equals 146.26 8C for the composite beam with the stacking sequence yˆ0¯and 15.44 8C when the stacking angle yˆ90¯. It is concluded that as the stacking angle of the composite beam increases, the beam suffers thermal plastic deformation more easily.
Elastic, elastic-plastic and residual stress components in the composite beams with 08, 308, 458, 608 and 908 stacking angles are shown, respectively, in Table 3 . F rom this table, it is seen that the maximum axial residual stress component appears at the upper and lower surfaces of the composite beam. F or the composite beam with a stacking angle of 08, the residual stress component s x at the lower surface of the composite beam reaches the maximum 103.75 M Pa. As the stacking angle y increases, the residual stress component …s x † r will gradually decrease.
The displacement components in the elastic-plastic region are shown in Table 4 . F rom Table 4 , it is seen Table 5 . This shows that elastic, plastic and residual stresses in the composite beams are related to the volume percentage of the bre. F or a given value of the temperature change T 0 in the composite beams, as the volume percentage of the bres increases, the residual stresses in the composite beams decrease gradually.
The distribution of the residual stress component …s x † r in the composite beam with the 08 stacking orientation angle is shown in F ig. 4. F rom this gure, the value of the residual stress component is maximum at the upper and lower surfa ces of the beams, with the elastic-plastic interface hˆ5, 4 and 3 mm. H owever, as the position of the interface reduces to hˆ2 mm, the maximum of the residual stress component …s x † r appears at this interface of the elastic-plastic regions.
The distribution of the residual stress components …s x † r in the composite beam with 308, 458, 608 and 908 stacking orientation angles are shown, respectively, in F igs 5 to 8. F rom these gures, the maximum value of the residual stress component …s x † r appears, respectively, at the upper and lower surfaces or at the interface of the elastic-plastic regions of the beams, with the elastic-plastic interface hˆ5, 4 and 3 mm. H owever, for Table 5 Elastic, plastic and residual stresses at the lower surface of the 08 stacking sequence beams having two different volume percentages of bres the beam with the elastic-plastic interface hˆ2 mm, the maximum value of the residual stress component …s x † r always appears at the interface of the elastic-plastic regions. As the stacking orientation angle y of the composite beam increases, the value of the residual stress component …s x † r in the beam decreases gradually; it is minimum with an orientation angle of 908. M oreover, as the plastic region extends further, the value of the residual stress component …s x † r becomes large.
CONCLUSIO NS
The following conclusions can be drawn from the present elastic-plastic solutions of a composite beam subjected to antisymmetric thermal loads:
1. The value of the residual stress component …s x † r reaches a maximum either at the upper and lower surfaces of composite beam or at the interface of the elastic-plastic regions. As the plastic region increases further, the maximum value occurs at the interface of the elastic-plastic regions. The larger the stacking angle of the composite beam, the lower is the temperature that causes the beam to produce plastic yielding. The residual stress component …s x † r reaches a maximum with the stacking angle 08. The larger the stacking angle, the lower is the residual stress component …s x † r .
2. The transversal displacement v of the beam is always larger than the axial displacement u. The maximum value of the transversal displacement v occurs in a beam with the stacking angle 08 and the interface of the elastic-plastic region hˆ2 mm, and so does the maximum equivalent plastic strain. 3. R esidual stresses in thermoplastic composites are related to the volume percentage of bres. F rom Table 1 , besides the volume percentage of bres, the mechanical properties and yield strengths of composite structures also depend on the properties of the matrix and the reinforced bre. In the example, the temperature T 0 and the residual stresses in the composite beams are directly dependent on the effective mechanical properties and yield strengths of the composite beams, such as E 1 , E 2 , G 12 , v 12 , X , Y , S , K shown in Table 1 . A difference exists between the values of the effective material's properties of composite structures predicted from the volume percentage of bres and those measured from experiments. A deeper discussion about the volume effect of bres should be interesting, but is dif cult using the macrothermal elasticplastic method presented in the paper. Therefore, a microthermal elastic-plastic method should be applied in order to show how the temperature T 0 and the residual stresses in the composite beams are affected by the volume percentage of bres.
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